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Abstract. 'The wave equation describing the vector propagation of a
femtosecond laser pulse of a few optical cycles in a uniaxial crystal is solved
numerically by the method of unidirectional waves. Propagation of the pulse in
the direction normal to the optical axis is studied, taking into account both
second- and third-order nonlinearities of the crystal. Conversion efficiency as a
function of crystal length, pump intensity and pulse duration is studied. As an
example, the propagation of femtosecond laser pulse of 7=10fs duration at
A=810nm in a LiNbOj crystal 12 pm thick is studied numerically.

1. Introduction

Recent progress in the generation of extremely short optical pulses has
stimulated the development of propagation theory of optical pulses of a few cycles
in crystals. It is known that during the propagation of such extremely short pulses
in a nonlinear crystal the radiation generation takes place both at difference and at
sum frequencies. At the same time the generation of difference frequencies in a
medium with second-order nonlinearity is usually used for the generation of a
coherent short radiation pulse in the infrared spectrum range [1].

It is clear that the approximation of slowly varying amplitude is not applicable
to the description of such processes [2]. Therefore, for the description of the
propagation process of a femtosecond laser pulse of a few optical cycles in an
anisotropic optical crystal it is necessary to use either numerical methods or some
special analytical methods.

In particular, in [3] the results of numerical simulation of propagation process
of a femtosecond laser pulse with 10fs duration in a nonlinear potassium
dihydrogen phosphate crystal with 100 um thickness obtained by the numerical
integration of the Maxwell vector equation are given. There a comparison of those
results with similar data obtained by the slowly varying amplitude (SVA) method
is given, and it is shown that the description of the second-harmonic generation
process by such short pulses by the SVA method is not correct.

So, the correct analytic description of the propagation of femtosecond laser
pulse of a few optical cycles in an anisotropic nonlinear optical crystal is a very
topical problem.

In [4] the analytic description of the propagation of a femtosecond laser pulse
of a few optical cycles in a medium with second-order nonlinearity was given on
the basis of the method of unidirectional waves (MUW). It has been shown there
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that in the approximation of small nonlinearity and negligible material dispersion
the propagation of an extremely short pulse can be described adequately by the
MUW.

The MUW was used also for the solution of problem of the propagation of a
femtosecond laser pulse of few optical cycles in a dispersionless medium with
third- and fifth-order nonlinearity [5].

In this article, the MUW for the solution of the problem of vector propagation
of a pulse of a few optical cycles in a negative uniaxial crystal taking into account
both second- and third-order nonlinearities is proposed.

The conversion efficiency is studied as a function of crystal length, pump
intensity and pulse duration.

As an example, the propagation of a femtosecond laser pulse of t=10fs
duration at A=810nm in a LiNbOj; crystal 12 um thick is studied numerically.

2. Wave equation for the description of a non-resonant interaction

between an extremely short light pulse and a uniaxial crystal

Note that when solving the problem of vector propagation of a femtosecond
laser pulse of a few optical oscillations in a uniaxial optical crystal, the usual wave
separation on the first and second harmonics is not applicable.

In the general case the wave equation describing the light pulse propagation in
an anisotropic nonlinear transparent medium can be written in the vector form

19°D

=0, (1)

where E=(E,, E,, E,) is the electric-field intensity vector of light pulse and
D=(D,,D,, D,) is the electric displacement vector.

Consider a linearly polarized laser pulse E=(E,,0,0) of a few optical cycles
with a plane wavefront propagating along the y axis, normal to the optical 2 axis of
a uniaxial crystal of 3m symmetry group. In this case equation (1) can be written
in x and 2 components as
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Thus, the electric displacement vector D is normal to the direction of pulse
propagation. So, because I£, =0 as was mentioned above, the system of equations
for the description of pulse propagation in a medium can be written as
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In the linear part of the medium the polarization Py, 1., 18
Pr,1:(t) = f . (T)Ey (t — T)d7, €
0

where o, .(#) is the linear susceptibility of the medium for x, x polarized waves
correspondingly; the electric field intensity in the integrand (4) may be expanded
by the small parameter u = to1/T, where Ty is the medium response time and T,
is the average oscillation period.

After expansion the linear polarization becomes

oy, 2%

PLx,Lz(t) = an.OzEx,z(t) - Ex,z(t)v (5)
where
00
Q0x, 02 = / ax,z(f) dr = ax,z(a) =0), (6)
0
00
Aox 2z = _/ ‘L'ZO{,C’Z(‘L') dr = Ol;/z((,() = 0), (7)
0

oy, 0- are the low-frequency limits of the linear susceptibilities and a5, >, are the
low-frequency limits of the second derivatives of the linear susceptibilities.

This expansion in the linear part of the medium’s polarization, in particular,
could be used for the description of the crystal’s linear response to the laser
radiation of a few optical cycles in the near-infrared spectrum range. For example,
for a pulse with wavelength 1o =0.81 um (7T,=2.7fs), propagating in crystal with
a linear electron response time 7o, ~0.5-1fs [6], the parameter ©=Tg,/To~
0.18-0.36.

In the nonlinear part of the medium’s polarization of a uniaxial crystal of 3m
group, which is responsible for second- and third order-nonlinearities, we shall
confine ourselves to the quasistatic approximation:

Pni(t) = 2d51 EL(DE (1) + 4x EX(8) + 12x16 E2 (D EL(2),

Prie(8) = dst B(1) + dss EX(E) + 4233 B2(0) + 451 EL(0), ®
where d3; and dz; are the non-zero components of the second-order crystal
susceptibility tensor, and x11, X16, X33 and x3; are the non-zero components of the
third-order crystal susceptibility tensor [7-9].

The quasi static approximation in the nonlinear part of the medium’s
polarization actually fits the assumption about the inertialess nature of the crystal
nonlinear response, which takes place in the near-infrared spectrum range [6].

In the unidirectional wave approximation the system of equations (3) is
reduced to the following system:
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where

P1(2) = PLi(2) + Pnri(2),
P1.(t) = PrLs(t) + Pnrs(2), (10)

Ny = (1 + 4TEO[0X,03)1/2.

By substituting equations (5) and (8) into equation (9), we obtain the following
equations for ordinary and extraordinary waves:

O0E. n,0E, m0y,O°E, 4nds O(E.E:) 2475)(11E26Ex
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By making substituting the dimensionless values into equation (11) via the
formulae

=20,
€Ty
yne t
T (12)
E, = Ey®,,
E.=Ey9P.,

where 27 is the incident pulse duration, E; is the maximal value of the real
amplitude of the field polarized along the x axis at the input of the medium, and @,
and @, are the x and & components respectively of the normalized value of the
electrical field amplitude vector in a medium, equation (11) becomes
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By substituting

T T~ 4Tl',d31E0
2.2 X 5 — Uz 2 = Axz,
nity NN T n:
47Id31E0 4TEd33E0 Ny — Ny
= Qyy, = Qzz, = An,
Ny My Ny My 7,
we find that
o 24TCX11E0 - 247TX16E0
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(14)
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The final equations will be
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The system of equations (15) describing the propagation of femtosecond laser
pulse of a few optical cycles in a negative uniaxial crystal in the direction normal to
optical axis taking into account both the second- and third-order nonlinearities
does not have an analytic solution.

The first terms on the right-hand sides of the system of equations (15) describe
a linear dispersed broadening of femtosecond pulses of ordinary and extraordinary
polarizations. Here the lengths of dispersed broadening for the pulses of ordinary
and extraordinary polarizations are determined in the following way:

3
Ty €T
LDx = =

Ty o b\n\ ’
(16)

Ny ‘L’S cTp

Ty, bony,

The remaining terms on the right-hand sides of the system of equations (15)
describe the processes of nonlinear interaction of pulses of ordinary and
extraordinary polarizations, caused by both second and third-order nonlinearities
of the nonlinear crystal. Here the nonlinear lengths, caused by second- and third-
order nonlinearities of nonlinear crystal, are determined as

[an) ) CTo ) CTo
L(z) — , L — , L = s 17
NLxz Ty Qs NLxx Ny NLzz Ny Aon ( )
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The second summand on the left-hand side of the second equation of system
(15), proportional to An, describes the inequality of the pulse velocities of ordinary
and extraordinary polarizations in a crystal.

Detuning of velocities causes a bias of the pulse of extraordinary polarization
during propagation in a nonlinear crystal in relation to the pulse of an ordinary
wave. This causes the decrease in the radiation conversion efficiency. As a charac-
teristic parameter the following length can be used:

Ly=—" (19)

Ny — Mg

The effect of detuning of the velocities on the efficiency of harmonic generation
depends on the ratio of the interaction length 2 to the length L,. When & < L,
stationary harmonic generation takes place. When 2 > L, the harmonic oscillation
mode is essentially unsteady.

3. Results of numerical simulations

Figures 1 and 2 show the results of numerical simulations of the system of
equations (15), describing the propagation of femtosecond pulses of ordinary
polarization (®,(&,n)) and extraordinary polarization (®.(&, 1)) in a uniaxial optical
crystal LiNbOj, with the following boundary conditions for pulse fields of
ordinary and extraordinary waves at the input of the crystal:

2

.0, 1) = exp (— "7) cos (W),
(I)Z(O, 77) = 07

(20)

where W =wyty and wy is the spectrum central frequency of the input videopulse.

Computations are made for the following values: the input pulse duration was
279=10fs, the central wavelength Ay=2nc/wy=0.81 um, the incident radiation
intensity I=5x108W cm?, n,=2.159, n,=2.093, d3; =—5.8x10"2m V™! d3;=
—34x107 " mV™ 4,=-099%x10"%, a,.,=-0.96x10"3 a..=-5.81x10"",
b,=1.1481x10"* b, =4.7160x107>, ¢, =7.9221x107°, ¢,,=2.3133x107°, ¢,. =
8.1719x107°, e,, =2.4516x107> and the crystal length =12 um. For predeter-
mined numerical values of the dispersed broadening lengths for pulses of ordinary
and extraordinary polarization, Lp,=6 mm and Lp,=14,7mm, the nonlinear
lengths determined by second- and third-order nonlinearities of a crystal are
LY =o. 724mm LY = =0,702mm LY. =012mm, L) =87.7cm, L) =
30.03m, LNL~ =6.95m, LNL o = 2.32m, and the length L, =45.45 um. As evi-
dent from aforementioned numerical values, the length of our selected crystal
z < L,. This means that in this particular case the stationary harmonic oscillation
mode occurs.

In figure 1 (@) the time dependence is shown for a femtosecond pulse field with
ordinary polarization at the crystal input (2=0); in figure 1(b) the time
dependence is shown for a femtosecond pulse field with ordinary polarization at
the crystal output; in figure 1(c¢) the time dependence is shown for a femtosecond
pulse field with extraordinary polarization at the crystal output.

In figure 2 (a) the normalized amplitude spectrum for a femtosecond pulse
field with ordinary polarization (S,(w)/So(®w)) at the crystal input is given;
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Yy
Figure 1. Dynamics of a femtosecond pulse with an ordinary polarization with 10fs

duration (4o =0.81 um) and intensity 5x 108 W cm ™2, propagated in a LiNbOj crystal,
when (a) s=0pm and (b) =12 pum. (¢) Femtosecond pulse with an extraordinary
polarization at the crystal’s output.

in figure 2 (b) the normalized amplitude spectra for femtosecond pulse fields with
ordinary polarization (S,(w)/Syo(®)) and extraordinary polarization (S.(®)/Syo(®))
at the crystal output are given.

According to the numerical calculations results and as shown in figure 2, the
radiation conversion ratio ¥ ~ [S.(®)/S(®)]* at the double frequency 2wy, for the
aforementioned numerical values of parameters, is approximately 22% and, at
frequencies near zero frequency and 3w, ¥ < 0.18%. It is obvious that only those
spectral components that are in the passband of a crystal will propagate in a
medium. In particular, for our LiNbO;j crystal the passband is 0.33-5.5pum,
3.4272 x 101%-5.712 x 10" rads~! [9].

Figure 3 shows the dependence of the radiation conversion ratio y~ [S.(w)/
Sxo(a))]2 at frequencies near the double frequency 2w, from the crystal length for
the femtosecond pulse durations tp=15 and 10fs and for an incident radiation
intensity 7=5x10*Wcm™2.
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Figure 2. (a) Normalized amplitude spectrum for a femtosecond pulse field with an
ordinary polarization (S.(w)/Syo(w)) at the input of the crystal. (b) Normalized
amplitude spectra for femtosecond pulse fields with ordinary polarization (S(®)/
S, o)) and extraordinary polarization (S (w)/S.o(w)) at the output of the crystal.

Z (um)

Figure 3. Dependence of the radiation conversion ratio y ~ [Sz(a))/Sxo(a))]2 at frequencies
near 2w, from the length of crystal, for femtosecond pulse durations tp=>5 and 10fs
and incident radiation intensity I=5x10°W cm 2,

As shown in the figure, for a given crystal length, as the femtosecond pulse
duration decreases, the efficiency of conversion to the second harmonic also
decreases. From the physical point of view, this means that, as the pulse duration
decreases, that is as the pulse spectrum width increases, the phase synchronism
condition holds for a minority of the pulse spectrum. This, in turn, causes the
decrease in the radiation conversion efficiency at frequencies near the double

frequency.



Femtosecond laser pulse propagation in a uniaxial crystal 2209

T L ] ‘|I 1III EI !lﬂ 5 I‘ﬂ 4 “@ L]
Wiem2 x10*

Figure 4. Dependence of the radiation conversion ratio y ~ [Sz(ao)/S‘,c()(a))]2 at frequencies
near 2wq from the incident radiation intensity, for femtosecond pulse durations 7g=135
and 10 fs and crystal length =12 pm.
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Figure 5. Dependence of the radiation conversion ratio y ~ [Sz(w)/S‘,c()(a))]2 at frequencies
near 2w, from the femtosecond pulse duration, for incident radiation intensity
I=5x108 W cm™? and crystal lengths =12 and 20 pm.

Figure 4 shows the dependence of the radiation conversion ratio y~ [S.(w)/
S.o(w))? at frequencies near the double frequency 2w, from the incident radiation
intensity for the femtosecond pulse durations 7p=35 and 10fs and for a crystal
length 2 =12 pum.

Figure 5 shows the dependence of the radiation conversion ratio y~ [S.(w)/
S.o(w)]? at frequencies near the double frequency 2w, from the femtosecond pulse
duration for an incident radiation intensity 7= 5x10%W cm ™ and crystal lengths
z=12 and 20 um.

As follows from the numerical calculations, in contrast with [4], during
femtosecond pulse propagation in a nonlinear crystal, taking into account third-
order nonlinearity, the generation of sum frequencies concentrated near the triple
frequency of the original pulse also takes place.

According to the numerical calculations of the system of equations (15), during
the propagation of femtosecond laser pulse of a few optical oscillations in a
negative uniaxial crystal in the direction normal to optical axis, taking into account
both second- and third-order nonlinearities, in case when phase synchronism is
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not applicable to the whole broad pulse spectrum, the pulse of extraordinary waves
arises and is enhanced in the crystal, and in its spectrum the sum and difference
frequencies regions are clearly defined. The frequencies corresponding to the maxi-
mum values in the sum frequencies region do not equal 2w, and 3w, of the original
pulse. They can be more or less than 2wy and 3w,, depending on the direction from
the central frequency of original pulse wq in which the frequency components, not
subject to the phase synchronism condition for second- and third-harmonic
generation, are biased. The maximum in the difference frequencies region always
occurs at zero frequency. The existence of constant component of the field is
noticeable also in the time profile of extraordinary pulse. The broad spectrum of
the extraordinary pulse determines the original pulse duration.

4. Conclusions

In this paper we derived a system of nonlinear wave equations (15) that
describes the propagation of a femtosecond laser pulse of a few optical oscillations
in a negative uniaxial crystal in the direction normal to the optical axis, taking into
account both second- and third-order nonlinearities, in the case when phase
synchronism is not applicable to the whole broad pulse spectrum. In the linear part
of the medium’s polarization an expansion in the small parameter, equal to the ratio
of the medium’s response time to the average oscillation period of the femtosecond
pulse, is made. This expansion could be used for to decribe the uniaxial crystal’s
linear response to the laser radiation of a few optical oscillations in the near-infrared
spectrum range. In the nonlinear part of the polarization of a uniaxial crystal of the
3m group, responsible for the second- and third-order nonlinearities, we confine
ourselves to considering the quasistatic approximation that takes place in the near-
infrared spectrum range and for small thicknesses of the nonlinear crystal.

From the numerical analysis of system (15) it follows that consideration of
third-order nonlinearity causes in the optical femtosecond pulse spectrum the
spectral components of an extraordinary polarization concentrated in the triple-
frequency region of original pulse.

In this paper the dependences of the radiation conversion ratio y~ [S.(w)/
S.o(w)]? are obtained, both from the femtosecond pulse duration and intensity, and
from the crystal length at frequencies near the double frequency 2wy.

It is shown that the conversion efficiency in the vicinity of the double frequency
2w for pulse with a duration of 10 fs is equal to about 22%, while for a pulse of 5 fs
duration it has a value of about 3.7%.
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